Section 7: Electrodynamics
Ohm’s Law

We start the discussion of time-dependent electric and magnetic fields from revisiting Ohm’s law. To
generate an electric current flow, charges need to be affected by a force. The strength of the force
determines how fast the charges move. For most substances, the current density J is proportional to the
force per unit charge, f:

J=of. (7.1)

The proportionality factor o is called conductivity (not to be confused with surface charge) and depends
on the nature of a material. The reciprocal of ¢ is called resistivity: p = 1/ (not to be confused with
charge density). Notice that even insulators conduct slightly, though the conductivity of a metal is many
orders of magnitude greater; in fact, for most purposes, metals can be regarded as perfect conductors, with
o = oo, while for insulators, o = 0.

For electromagnetic force f =E + vxB , we obtain from Eq. (7.1)
J=o(E+vxB). (7.2)

Typically, the velocity of the charges is sufficiently small so that the second term can be ignored:

J=0E. (7.3)
Eq. (7.3) is called Ohm’s law.

There is no contradiction with the known fact that E = 0 inside a conductor, because this assertion is valid
for stationary charges where J = 0. Moreover, for perfect conductors E = J/o = 0 even if current is
flowing. In practice, metals are such good conductors that the electric field required to drive current in
them is negligible. Thus, we routinely treat the connecting wires in electric circuits as equipotentials.
Resistors, by contrast, are made from poorly conducting materials.

Example 1: A cylindrical resistor of cross-sectional area 4 and length L is made from material with
conductivity ¢ (Fig. 7.1) The potential is constant over each end and the potential difference between the
ends is V. We need to find current / flowing across the resistor.
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The electric field is uniform within the wire and equal to £ = V/L. The current is then

I=JA=0EA=GTAV. (7.4)

Example 2: Two long coaxial metal cylinders (radii a and b) are maintained at potential difference /" and
separated by material of conductivity o (Fig. 7.2). We need to find current / flowing from one to the other,
in a length L.

The field between the cylinders is

S, (7.5)



L Fig. 7.2

where 4 is the charge per unit length on the inner cylinder. The current is therefore

I=[3-nda=0[E-3da=cE2msL -2, (7.6)
80

where the integral is over a cylindrical surface enclosing the inner cylinder. Meanwhile, the potential
difference between the cylinders is

b
V=—[Ed=-2 2, (7.7)
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In both examples, the total current flowing from one electrode to the other is proportional to the potential
difference between them:
V=IR. (7.9)

This is the more familiar version of Ohm’s law. The constant of proportionality R is called the resistance.
It depends on geometry of the resistor and conductivity of the medium between the electrodes. In
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Example 1, R= L and in Example 2, R = . Resistance is measured in Ohms (Q): 1Q = IX.

o} 2no
Note that for steady currents and uniform conductivity,

1
V-E=—V-J=0, (7.10)
o
and therefore the charge density is zero; any unbalanced charge resides on the surface. It follows, in

particular, that Laplace’s equation holds within a homogeneous ohmic material carrying a steady current.

Ohm’s law applies well to conductors. But, in fact, it may be surprising that Ohm’s law ever holds. After
all, a given field E produces a force ¢gE on a charge ¢, and according to Newton’s second law, the charge
will accelerate. But if the charges are accelerating, why doesn’t the current increase with time? Ohm’s
law implies, on the contrary, that a constant field produces a constant current, which suggests a constant
velocity. Isn’t that a contradiction to Newton’s law?

This contradiction is lifted by the fact that the motion of charged particles that are accelerated by an
electric field suffers energy and momentum changing collisions (known as scattering events) with other
particles in the system. For example, in metals electrons suffer collisions with immobile ions. The linear
dependence of J on E is one consequence of these collisions. Qualitatively, this can be seen if we balance
the electric force on a conduction electron in a conductor with an effective drag force due to collisions. If
7 is the average time between collisions known as the relaxation time, this balance makes it possible for



the particles to achieve a terminal velocity v determined by

m® BT . (7.11)
dt T

The steady solution of Eq. (7.11) is called the drift velocity.
v,=2LE, (7.12)
m

The current density is determined by the drift velocity as follows:
J=enyv,, (7.13)

where n, is the density of the charged particles (electrons) and e is their charge (positive because the

current direction is determined by the flow of a positive charge). Substituting Eq. (7.13) into (7.12) gives
Ohm’s law with

(7.14)

This expression represents the classical Drude model for the electrical conductivity in a neutral system
composed of free charges. It applies to a conductor in n. mobile charged particles per unit volume of
charge e, mass m, and relaxation time 7. The relaxation time can be determined empirically from

experimental data on the conductivity. For copper, n, =8x10* free electrons per m® and at room temper-
ature the conductivity is o=6x10" Q'm. This gives 7=2x10""s.

Electromotive Force

Now, we introduce the concept of electromotive force.

Consider a typical electric circuit. There are two forces involved in driving current around a circuit: the

source, f , which is ordinarily confined to one portion of the loop (a battery, say), and the electrostatic

force, E, which serves to smooth out the flow and communicate the influence of the source to distant parts
of the circuit. Therefore, the total force per unit charge in a circuit is

f=f +E. (7.15)

The physical agency responsible for f can be different: in a battery it is a chemical force; in a

piezoelectric crystal it is a mechanical pressure; in a thermocouple it is a temperature gradient; in a
photoelectric cell it is light. Whatever the mechanism, its net effect is determined by the line integral of f
around the circuit:

E=Pf-dl=¢f, -a. (7.16)
The latter equality is because (j)E -dl =0 for electrostatic fields, and it doesn’t matter whether you use f

or f_. The quantity £ is called the electromotive force, or emf, of the circuit. It is a lousy term, since this is
not a force at all — it’s the integral of a force per unit charge.
Within an ideal source of emf'(a resistanceless battery, for instance), the net force on the charges is zero,

so E = —f;. The potential difference between the terminals (a and b) is therefore

A@:—fE-dl:fg.dl:gst-dlzs. (7.17)



We can extend the integral to the entire loop because f; = 0 outside the source. The function of a battery,
then, is to establish and maintain a voltage difference equal to the electromotive force. The resulting
electrostatic field drives current around the rest of the circuit (notice, however, that inside the battery f;

drives current in the direction opposite to E). Because it is the line integral of f;, £ can be interpreted as

the work done, per unit charge, by the source.
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One possible sources of electromotive force in a circuit is a generator. Generators exploit motional emf,
which arises when you move a wire through a magnetic field. Figure 7.3 shows a primitive model for a
generator. In the shaded region there is a uniform magnetic field B, pointing into the page, and the resistor
R represents whatever it is we're trying to drive current through. If the entire loop is pulled to the right
with speed v, the charges in segment experience a Lorentz force whose vertical component quB drives

current around the loop, in the clockwise direction. The emfis

£=§f,,, -dl=vBh. (7.18)

There is a nice way to represent the emf generated in a moving loop. Let F be the flux of B through the
loop:

F=[B-nda. (7.19)
For the rectangular loop in Figure 7.3,
F =Bhx. (7.20)
As the loop moves, the flux decreases
9 gn® gy (7.21)
dt dt

The minus sign accounts for the fact that dx/dt is negative. But this is precisely the emf given by Eq.
(7.18); evidently the emf generated in the loop is minus the rate of change of flux through the loop:

E= _dr . (7.22)
dt

This is the flux rule for motional emf. Apart from its delightful simplicity, it has the virtue of applying to

nonrectangular loops moving in arbitrary directions through noniniform magnetic fields; in fact, the loop

need not even maintain a fixed shape. Now we prove this statement.

Figure 7.4 shows a loop of wire at time ¢ and also a short time df later. Suppose we compute the flux at
time ¢, using surface S, and the flux at time ¢ + dt, using the surface consisting of S plus the “ribbon” that
connects the new position of the loop to the old. The change in flux, then, is

dF = F(t +dt)— F(t) = j B nda. (7.23)

ribbon
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Focus our attention on point P: in time df it moves to P’. Let v be the velocity of the wire, and u the
velocity of a charge down the wire; w = v + u is the resultant velocity of a charge at P. The infinitesimal
element of area on the ribbon can be written as

nda =(vxdl)dt . (7.24)
(see inset in Fig. 7.4). Therefore

2B (vxan). (725)
dt

Since w = v + u and u is parallel to dl, we can also write this as

‘Z_fzggB.(wxdl)=—§[>(wa)-dl. (7.26)

But (wxB) is the Lorentz force per unit charge, f . so

> Lmag °

dF
= ~$t,,, -l (7.27)
and the integral of f ., is the emf
dF
E=—". 7.28
B (7.28)

Faraday’s Law

The first quantitative observations relating time-dependent electric and magnetic fields were made by
Faraday (in 1831) in experiments on the behavior of currents in circuits placed in time-varying magnetic
fields. The three of these experiments (with some violence to history) can be characterized as follows. A
transient current is induced in a circuit if

(a) the circuit is moved through a magnetic field (Fig. 7.5a);
(b) a magnetic field is moved into or out of the circuit (Fig. 7.5b);
(c) the strength of the magnetic field is changed (Fig. 7.5¢).

The first experiment, of course, is an example of motional emf, conveniently expressed by the flux rule
(7.28). It is not surprising that exactly the same emf arises in Experiment 2 — all that really matters is the
relative motion of the magnet and the loop. Indeed, in the light of special relativity it Aas to be so. But
Faraday knew nothing of relativity, and in classical electrodynamics this simple reciprocity has



remarkable implications. For the moving loop, it’s a magnetic force that sets up the emf, but if the
stationary loop, the force cannot be magnetic — stationary charges experience no magnetic forces. Electric
fields could produce the force, and Faraday made an ingenious prediction: 4 changing magnetic field
induces an electric field.
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Faraday attributed the transient current flow to a changing magnetic flux linked by the circuit. The
changing flux induces an electric field around the circuit, the line integral of which is called the
electromotive force,

E=¢E-a. (7.29)

The electromotive force causes a current flow, according to Ohm’s law. All the three experiments can
therefore be described by Eq. (7.28) which takes the form
gSE-dl:—d—F. (7.30)
dt
and is called the Faraday’s law. The negative sign in this equation is consistent with Lenz’s law.
According to Lenz’s law, the current induced around a closed loop is always such that the magnetic field
it produces tries to counteract the change in magnetic flux which generates the electromotive force.

Now let us consider the connection between Experiment 1 and Experiment 2 in a more detail. We know that
when we are dealing with relative speeds that are small compared with the velocity of light, physical laws
should be invariant under Galilean transformations. That is, physical phenomena are the same when viewed
by two observers moving with a constant velocity v relative to one another, provided the coordinates in
space and time are related by the Galilean transformation, r'=r—vz, ¢'=¢. Faraday’s observations
suggest that the same current is induced in a circuit whether it is moved while the magnetic field is stationary
(Experiment 1) or it is held fixed while the magnetic field is moved into or out of the circuit in the same
relative manner (Experiment 2).

Let us now consider Faraday’s law for a moving circuit and see the consequences of Galilean invariance.
Expressing (7.30) in terms of the integrals over E' and B, we have

qSE’-dlz—%JB-nda. (7.31)
C N

The induced electromotive force is proportional to the tofal time derivative of the flux — the flux can be
changed by changing the magnetic induction or by changing the shape or orientation or position of the
circuit. In form (7.31) we have a far-reaching generalization of Faraday's law. The circuit C can be thought of
as any closed geometrical path in space, not necessarily coincident with an electric circuit. Then (7.31)
becomes a relation between the fields themselves. It is important to note, however, that the electric field,



E' is the electric field at dl in the moving coordinate system in which dl is at rest, since it is that field that
causes current to flow if a circuit is actually present.

If the circuit C is moving with a velocity v in some direction, the total time derivative in (7.31) must take
into account this motion. The flux through the circuit may change because (a) the flux changes with time
at a point, or (b) the translation of the circuit changes the location of the boundary. It is easy to show that
the result for the total time derivative of flux through the moving circuit is

d OB
E!B-nda=£§-nda+qj(3xv).m. (7.32)

Indeed, taking into account that the convective derivative is given by

ingrv-V, (7.33)
dt ot
we can write
dB 0B
dt ot
where v is treated as a fixed vector in the differentiation. The last term is zero due to V-B=0. Use of
Stokes’s theorem on the second term yields (7.32).

+(V-V)B=%—1:+V><(B><V)+V(V-B), (7.34)

Equation (7.31) can now be written in the form,
qS[E'—(va)]-dlz—jé—B-nda. (7.35)
v < Ot

This is an equivalent statement of Faraday’s law applied to the moving circuit C. But we can choose to
interpret it differently. We can think of the circuit C and surface S as instantaneously at a certain position in
space in the laboratory. Applying Faraday's law (7.31) to that fixed circuit, we find

d B
ng-dl:—ElB-ndaz—lg-nda. (7.36)

where E is now the electric field in the laboratory. The assumption of Galilean invariance implies that the
left-hand sides of (7.35) and (7.36) must be equal. This means that the electric field E' in the moving
coordinate system of the circuit is

E' =E+(vxB). (7.37)

Because we considered a Galilean transformation, the result (7.37) is an approximation valid only for speeds
small compared to the speed of light. Faraday’s law is no approximation, however.

Faraday's law can be put in differential form by use of Stokes’s theorem. The transformation of the
electromotive force integral into a surface integral leads to

j(wm‘z—?j-nda:o. (7.38)

Since the circuit C and bounding surface S are arbitrary, the integrand must vanish at all points in space.
Thus the differential form of Faraday's law is

VxE=-2 . (7.39)

This is the time-dependent generalization of the statement, VxE =0, for electrostatic fields.



Magnetostatic Energy

In discussing steady-state magnetic fields, we avoided the question of field energy and energy density.
The reason was that the creation of a steady-state configuration of currents and associated magnetic fields
involves an initial transient period during which the currents and fields are brought from zero to the final
values. For such time-varying fields there are induced electromotive forces that cause the sources of
current to do work. Since the energy in the field is by definition the total work done to establish it, we
must consider these contributions.

Suppose for a moment that we have only a single circuit with a constant current / flowing in it. If the flux
through the circuit changes, an electromotive force & is induced around it. To keep the current constant,
the sources of current must do work. The work done on a unit positive charge, against the emf, in one trip
around a circuit is —€ (the minus sign records the fact that this is the work done against the emf, not the

work done by emf). The amount of charge per unit time passing down the wire is /. So, the total work
done per unit time is

W _ e 19 (7.40)
dt dt

This is in addition to ohmic losses in the circuit, which are not to be included in the magnetic energy.
Thus, if the flux change through a circuit carrying a current / is oF, the work done by the sources is

SW =ISF . (7.41)

We can express the increment of work done against the induced emf in terms of the change in magnetic
field through the loop:

OF =5[B-nda=5[(VxA)-nda=5pA-dl=$5A-dl, (7.42)
S S C C

where C is the curve bounding surface S. Thus,
oW =IpSA-dl=(SA-T)dl . (7.43)
C C
In this form the generalization to the volume currents is obvious:
5W=j(5A-J)d3r. (7.44)
Vv

An expression involving the magnetic fields rather than J and JA can be obtained by using the Ampere’s
law VxH=J. Then

oW = [SA-(VxH)d*r. (7.45)
Vv
Using the vector identity V- (v X w) =W- (V X V) -V (V X w) , Eq. (7.45) can be transformed to
oW = [[H-(Vx5A)+V-(HxS5A)|d’r. (7.46)
Vv

If the current distribution is assumed to be localized and we integrate over all space, the second integral
vanishes. With the definition of B in terms of A, the energy increment can be written:

SW = j H-S5Bd’r . (7.47)

This relation is the magnetic equivalent of the electrostatic equation (4.87). In its present form it is
applicable to all magnetic media, including ferromagnetic substances. If we assume that the medium is



para- or diamagnetic, so that a linear relation exists between H and B (i.e. B = zH), then

H-5B=%5(H-B). (7.48)

If we now bring the fields up from zero to their final values, the total magnetic energy will be
W:le-Baﬁr . (7.49)
2

In view of this result, we can say that the energy is “stored in the magnetic field”, in the amount of
2H-B per unit volume.

Eq. (7.49) is the magnetic analog of the respective electrostatic equation. The magnetic equivalent of the
equation where the electrostatic energy is expressed in terms of the charge density and the potential can
be obtained from Eq. (7.44) by assuming linear relation between J and A. Then we find the magnetic
energy to be

w =%j(A~J)d3r : (7.50)

Self- and Mutual Inductances

The concept of self- and mutual inductances is useful for systems of current-carrying circuits. Imagine a
system of N distinct current-carrying circuits, with /; being the total current carrying by the i-th circuit. The
circuits are not necessarily thin wires but are assumed for the present to be non-permeable. It appears that
the total energy of the system of currents (7.50) can be expressed as

W= ZLF +ZZM,,I] (7.51)
i=1 j>i

where L; is the self-inductance of the i-th circuit and M is the mutual inductance between the i-th and j-th
circuits. To establish this result, we first use the expression for the vector potential

llC 11C j

Ar)=£o f ¥r) (7.52)
r—r |
to convert (7.50) to
W=L0 [ a g2 1) (7.53)
87 Ir—r
The integrals can now be broken up into sums of separate integrals over each circuit:
J(@r)-J(;
W—”Ozjd3 Zjd“ (| r(| ) (7.54)

In the sums there are terms with i = and terms with i # j . The former defines the first sum in Eq. (7.51)
and the latter, the second. Evidently, the coefficients L, and M are given by

- fonfr i,
() I(r)
M, = 4,,11 jcf £d3 W (7.56)



Note that the coefficients of mutual inductance M;; are symmetric in i and ;.

These general expressions for self- and mutual inductance are the rigorous versions of the more elementary
definitions in terms of flux linkage. To establish the connection, consider the expression for mutual
inductance (for which the ambiguities in the definition of flux linkage for self-inductance are absent). The

integral over d 3rj’ times g4, /47 is just the expression (7.52) for the vector potential A (r;) at position r; in

the i-th circuit caused by the current /;, flowing in the j-th circuit:

J(r!
A )=t j d*r] ( ]), (7.57)
an ¢ | i j|
So that Eq. (7.56) can be written in form
1
My =——[A,(5)-3w)ds, (7.58)

i‘jc

If the i-th circuit is imagined to be negligible in cross section compared to the overall scale of both circuits,
we can write the integrand J(r,)d’r, for the integration over the volume of the i-th circuit as
Jd’r = J dadl , where da is a locally defined element of cross-sectional area and dl is a directed longitudinal

differential in the sense of current flow. With the vector potential sensibly constant in the cross-sectional
integral at a fixed position along the circuit, the mutual inductance becomes

.:—IA J”dadl——chA le‘J‘da— $a, dl_lij (VxA,)nda . (7.59)
jC J s

le le

where Ay is the vector potential caused by the j-th circuit at the integration point on the i-th and the factor 7,
comes from the integral over the cross section /, = J‘Juda . Stokes’s theorem has been used to obtain the

second form. Since the curl of A is the magnetic field B, the area integral is just the magnetic-flux linkage

=B, -nda . (7.60)
s,
Thus, the mutual inductance is finally
1
MU:I—F”, (7.61)

where Fj; is the magnetic flux from circuit j linked within circuit i. For self-inductance, the physical argument
is the same, but the ambiguity in the meaning of the self-flux linkage F requires a return to the rigorous
expression (7.55) based on the magnetic energy.

Another way to represent mutual inductance from linear current circuits is to use Eq. (7.56) directly. Similar
to the arguments used in the derivation of Eq. (7.59), we can integrate over the cross-sectional area of the
circuits and write

M, =H [ | M . (7.62)

This is the Neumann formula; it involves a double line integral — one integration around loop i and the
other around loop j. It is not very useful for practical calculations, but it reveals that mutual inductance is
a purely geometrical quantity, which depends only on the size, shape, and relative position of the two
loops.

10



Example: A small loop of wire of radius a lies at distance z above the center of
a large loop of radius b, as shown in the figure. The planes of the two loops are
parallel, and perpendicular to the common axis. Find the mutual inductances
and confirm that M, = M.

We use formula (7.61) to calculate the mutual inductance. The z-component of
the field produced by the loop of radius b is given by

3 :y_OIJ-sinHOdl:y_OI b’
T Ar b4z 2 (bz+zz)3/2’

where we took into account that sin@, =b/ \Jb? + 27 . Hence, the flux of the magnetic field crossing the
area of loop a is
uld  rma’h’

2 m . (7.64)

F:jB-nda:
Sa

Similarly, we can calculate the flux of a magnetic field produced by loop a and crossing the area of loop
b. The magnetic field can be evaluated within the dipole approximation because the loop a is assumed to
be small. In this case, in the spherical coordinates, we have

1a’ L
B(r):%%(ZcoserJrsmﬁﬂ) . (7.65)
r

Taking into account that the flux of magnetic field in independent of the choice of the bounding surface
and by integrating over a spherical surface bounded by loop b and centered at loop a, we obtain:

. u,l a’ ) ud a® . ud  ma’h’
F=|B-rda="—"—|2cosOr sinfdfd¢ =———4rx| cosOsin0d0 = — (7.66)
ar »’
Sy 0

4z r 2 (b2+22)3/2 '

where we took into account that »=+/b> +z> and sin€, =b/r. The result (7.66) is identical to (7.64).

Therefore the mutual inductance is
212
Howab
]‘412 =A421 Zﬁ . (767)
2(b +z )
Maxwell’s Equations

All the electromagnetism laws discussed in preceding sections can be summarized in four equations

Coulomb’s law (Gauss’s law): V-D=p, (7.68)
Ampere’s law: VxH=J, (7.69)
Absence of free magnetic poles: V-B=0, (7.70)
Faraday’s law: V><E+aa—1?=0. (7.71)

These equations represent the state of electromagnetic theory before Maxwell. It appears that there is a
fatal inconsistency in these equations. All the equations except the Faraday’s law were derived from
steady-state observations. However, there is no a priopi reason to expect that the static equations will hold
unchanged for time dependent fields.

11



The inconsistency has to do with the rule that divergence of curl is always zero. If you apply the

divergence to Eq. (7.71), everything works out:
OB 0
V-(VxE)=-V.—=-—(V-B)=0. 7.72
(VxE) %= VB) (7.72)

The left side is zero because divergence of curl is zero; the right side is zero by virtue of equation (7.70).
But when we do the same thing to Eq. (7.69), we get into trouble:

V-(VxH)=V-J, (7.73)
the left side must be zero, but the right side, in general, is not. For steady currents, the divergence of J is

zero, but evidently when we go beyond magnetostatics Ampere’s law cannot be right.

Amperian loop
/

A M |

. i
Capacitor I

Battery

Fig. 7.6

There's another way to see that Ampere’s law fails for nonsteady currents. Suppose we are in the process
of charging up a capacitor (Fig. 7.6). In integral form, Ampere’s law reads

qSH-dlzl

encl >

(7.74)

where /

encl

is the total current enclosed by the loop. If we apply it to the amperian loop shown in the

diagram the result appears to be dependent on the choice of the surface bounded by the loop. For the
surface lying in the plane of the loop — the wire punctures this surface, so the enclosed currentis 7, , =1 .

However, for the balloon-shaped surface in Fig. 7.6, no current passes through this surface, and we
conclude that 7, ,=0! We never had this problem in magnetostatics because the conflict arises only

when charge is piling up somewhere (in this case, on the capacitor plates). But for non-steady currents
(such as this one) "the current enclosed by a loop" is an ill-defined notion, since it depends entirely on
what surface you use.

Of course, we had no right to expect Ampere's law to hold outside of magnetostatics; after all, we derived
it from the Biot-Savart law. However, in Maxwell's time there was no experimental reason to doubt that
Ampere's law was of wider validity. The flaw was a purely theoretical one, and Maxwell fixed it by
purely theoretical arguments.

The problem is on the right side of Eq. (7.73), which should be zero, but isn't. Applying the continuity

equation and Gauss's law, the offending term can be rewritten:

_a_pz a(v.]))z_v._. (7.75)

V.J= =
ot ot ot
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It occurs that if we were to combine 86_D with J, in Ampere's law, it would be just right to kill off the extra
¢

divergence.

. D
New formulation of Ampere’s law: VxH=J+ b . (7.76)

ot

Such a modification changes nothing, as far as magnetostatics is concerned: when D is constant, we still
have VxH=J. In fact, Maxwell's term is hard to detect in ordinary electromagnetic experiments, that's
why Faraday and the others never discovered it in the laboratory. However, it plays a crucial role in the
propagation of electromagnetic waves, as we'll see below. Without it there would be no electromagnetic
radiation. It was Maxwell’s prediction that light is an electromagnetic wave phenomenon.

Maxwell’s Eq. (7.76) suggests that just as a changing magnetic field induces an electric field (Faraday's
law), a changing electric field induces a magnetic field. Of course, theoretical convenience is only
suggestive — there might, after all, be other ways to fix Ampere's law. The real confirmation of Maxwell's

theory came in 1888 with Hertz's experiments on electromagnetic waves.
Maxwell called his extra term the displacement current:
oD
J,=—. 7.77
1= (7.77)

Let's see now how the displacement current resolves the paradox of the charging capacitor (Fig. 3.3). If
the capacitor plates are very close together, then the electric displacement field between them is

0
y (7.78)
where Q is the charge on the plate and 4 is its area. Thus, between the plates
oD = a9 _1 ) (7.79)
ot Aot A
Now, Eq. (7.76) reads, in integral form,
4>H-d1=1m,,+ja—D-nda. (7.80)
< Ot

If we choose the flat surface, then D = 0 and /

encl

=1 . If, on the other hand, we use the balloon-shaped

D . .
surface, then /, , =0, but ggaa—-nda =1. So, we get the same answer for either surface, though in the
t

first case it comes from the genuine current and in the second from the displacement current.

The final set of Maxwell equations can be written as follows

Coulomb’s law (Gauss law): V-D=p, (7.81)

Ampere’s law: V><H=J+aa—]t), (7.82)

Absence of free magnetic poles: V-B=0, (7.83)
oB

Faraday’s law: VxE+a— =0. (7.84)
t

These equations combined with constitutive relations connecting E and B with D and H form the basis of
all classical electrodynamics.
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